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CONNECTING MARGINALLY LARGE TABLEAUX AND RIGGED 
CONFIGURATIONS VIA CRYSTALS 

BEN SALISBURY AND TRAVIS SCRIMSHAW 


Abstract. We show that the bijection from rigged configurations to tensor products of Kirillov- 
Reshetikhin crystals extends to a crystal isomorphism between the B{co) models given by rigged 
configurations and marginally large tableaux. 


1. Introduction 


In [KKR86i IKR86| . Kerov, Kirillov, and Reshetikhin described a recursive bijection between 
classically highest-weight rigged configurations in type An'^ and standard Young tableaux, show¬ 
ing the Kostka polynomial can be expressed as a fermionic formula. This was then extended 
to Littlewood-Richardson tableaux and classically highest weight elements in a tensor product of 
Kirillov-Reshetikhin (KR) crystals in [KSS02] for, again, type An'^. A similar bijection $ between 
rigged configurations and tensor products of the KR crystal corresponding to the vector rep¬ 
resentation was extended to all non-exceptional affine types in [OSS03aj . type in [OS12] . and 
in |Scrl5j . 


Following [KSS02| . it was conjectured that the bijection $ can be further extended to a tensor 
product of general KR crystals with the major step being the algorithm for B^’^. This has been 
proven in a variety of cases [OSSOScl IOSS131 ISchOhl ISS061 ISSIbbl IScrlhj . Despite this bijection’s 
recursive definition, it is conjectured (see for instance |SS15b] l that $ sends a combinatorial statistic 
called cocharge [OSS03a| to the algebraic statistic called energy [HKO+99] . proving the so-called 
X = M conjecture of |HKO~*~0^ lHKO~*~99| . Additionally, the bijection $ is conjectured to translate 
the combinatorial i?-matrix [KKM+9'^ into the identity on rigged configurations. 

The description of on classically highest-weight elements led to a description of classical crystal 
operators in simply-laced types in |Sch06) and non-simply-laced finite types in [SS15b| . It was shown 
for type An'^ in |DS06] and in |Sakl4| that <I> is a classical crystal isomorphism. Using virtual 
crystals [OSS03b] . it can be shown $ is a classical crystal isomorphism in non-exceptional affine 
types [SSlSbj . 

Rigged configurations were also extended beyond the context of highest weight classical crystals 
to B{co) in [SSI5a| . There is also a similar extension of the Kashiwara-Nakashima tableaux [KN94j 
and Kang-Misra tableaux [KM94] (for type G 2 ), which are used to describe KR crystals [FOS091 
IKMOYOTl IYam98| . to the marginally large tableaux model of B{cX)) [HL081 IHL12| . The goal of 
this paper is to connect with a crystal isomorphism these two models by using the bijection $. In 
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particular, the crystal isomorphism we obtain from Corollary 15.71 is given combinatorially, in the 
sense that the description does not use the Kashiwara operators. 

This paper is organized as follows. In Sectionj^l we give a background on crystals. In Section[31 we 
describe the tableaux model for highest weight crystals and marginally large tableaux. In Section |4l 
we give background on rigged configurations and describe the bijection $. In Section^ we construct 
our isomorphism between the rigged configuration model and marginally large tableaux model for 
B{(X)). In Section[6l we describe certain statistics on highest weight crystals and B{(X)). 

2. Crystals 

Let g be a hnite-dimensional simple Lie algebra with index set I, Cartan matrix A = {Aab)a,beiy 
weight lattice P, root lattice Q, fundamental weights {A^ : a e /}, simple roots {aa : a e /}, 
and simple coroots {ha ■ a G /}. There is a canonical pairing { , ): P'' x P —> Z defined by 
{ha, ab} = Aab, where P'^ = <^a€i dual weight lattice. The quantum group associated to 

g is denoted C7g(fl), though we will not need the details concerning Uq{Q). The interested reader is 
encouraged to see |HK02[ ILus93] for more details. 

An abstract Uq{Q)-crystal is a nonempty set B together with maps 

ea,fa- B —>Bu{0}, ea,ipa-B —>Zu{-oo}, wt: B—> P, 

subject to the conditions 

(1) fab = b' if and only if 5 = Cab' for b,b' e B and a G /; 

(2) if fab 7 ^ 0, then wt{fab) = wt{b) — aa for all a G /; and 

(3) (faib) — ea{b) = {ha,wt{b)} for all 6 G B and a G /. 

The maps [ca : a G /} are called the Kashiwara raising operators and the maps [fa : a e 1} are 
called the Kashiwara lowering operators. 

Example 2.1. For a dominant integral weight A, the crystal basis 

B(A) {fak ‘ ’ ' fai'^X • Rli ■ • ■ ) Rfc ^ h, k S Z^q}\|0} 

of an irreducible, highest weight t7q(g)-module C(A) is an abstract 17q(g)-crystal. (See |HK021lKas91] 
for details.) The crystal B(A) is characterized by the following properties. 

(1) The element u\ G B{X) is the unique element such that wt(itA) = A. 

(2) For all a G J, eaU\ = 0. 

(3) For all a G /, = 0. 

Example 2.2. The crystal basis 

B(go) {/*Ofc ’ ‘ ’ fai'^co ■ ■ • ■ 1 ^ h, k G Z^o} 

of the negative half U~{q) of the quantum group (equivalently a Verma module of highest weight 
0) is a Bg(g)-crystal. (See [HK021 lKas91) for details.) Some important properties of B(oo) are the 
following. 

(1) The element Uqo g i?(oo) is the unique element such that wt(Moo) = 0. 

(2) For all a e I, CaWoo = 0. 
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(3) For any sequence (oi,..., a*) from I, fa^-' ■ /aiWoo ^ 0. 

Let Bi and B 2 be two abstract C/q(g)-crystals. A crystal morphism ip: Bi —> B 2 is a map 
Bi u { 0 } —> B 2 u { 0 } such that 

(1) i/-(0) = 0; 

( 2 ) if 5 e Si and ip{b) g B 2 , then wt{ip{b)) = wt{b), ea{ip{b)) = £ 0 ( 6 ), and Lpaip{b)) = tfa{b)-, 

(3) for be Bi, we have ip{eab) = eaip{b) provided ip{eab) 7 ^ 0 and eaip{b) A 0; 

(4) for be Bi, we have ip{fab) = fa'P’ib) provided ip{fab) A 0 and fiip{b) ¥= 0. 

A morphism ip is called strict if ip commutes with Ca and fa for all a e I. Moreover, a morphism 
Ip: Bi — > B 2 is called an embedding if the induced map Bi u { 0 } —> B 2 u { 0 } is injective. 

Again let Bi and B 2 be abstract 17q(g)-crystals. The tensor product B 2 ®Bi is defined to be the 
Cartesian product B 2 x Bi equipped with crystal operations defined by 

,, , , \eab2®bi a Saib2) >(Pa{bi) 

ea{b2®bi) = ^ 

\b2®eabi ea{b2) ^‘Paibi), 

, ,, , \fab2®bl a ea{b2) ^ ipaibl) 

fa{b2®bl) = 

[b2®fabl if £ 0 (^ 2 ) < <Pa( 6 l), 

£a{b 2 ®bi) = max (£ 0 (^ 2 ), ea(&i) - (ha, wt( 62 )» 

‘Pai.b2®bi) = ma,x{(paibi),(pa{b2) + </la,wt( 6 i)» 

wt (62 ® bi) = wt{b 2 ) + wt( 6 i). 

Remark 2.3. Our convention for tensor products is opposite the convention given by Kashiwara 
in |Kas91) . 

We say an abstract S,(g)-crystal is simply a Uq{Q)-crystal if it is crystal isomorphic to the crystal 
basis of an integrable 17g(g)-module. 

3. Tableaux model 

Let g be of finite classical type. We review the Kashiwara-Nakashima tableaux and Kang-Misra 
tableaux, which we call classical tableaux, model for highest weight crystals B{X) and the marginally 
large tableaux model for B{co). 

3.1. Fundamental crystals and classical tableaux. Recall that a tableau is called semistandard 
over an alphabet J = {ji < j 2 < • • • < jp} if entries are weakly increasing in rows and strictly 
increasing in columns, with respect to <. Let J{Xn) be the alphabet for the semistandard tableaux 
of type Xn- Then 

J ^ 2 ^ ^ 77 . + 1}, 

J{Bn) = {l<---<n<0<n<---<T}, 

J{Cn) = {1 < • • • < n < n < • • • < T}, 

J{Dn+i) = {^ < • • ■ < n < n + l,n + l,<ri < ■ ■ ■ < 1), 

J(G2) = {1 <2<3<0<3<2< T}. 


(3.1) 
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Figure 3.1. The fundamental crystals T(Ai) when the underlying Lie algebra is 
of finite type. 


For our purposes, we need only define highest weight crystals for specific fundamental weights. 
Namely, define a subset P’*' of P'*" by 



ZAi © • • • 

© ZA„_i © ZA„ 

ZAi ©••• 

© ZA„_i © Z(2A„) 

ZAi © • • • 

© ZA„_i © Z(A„ + A; 

ZAi © ZA 2 


if 0 , 

if 0 = P„, 
if 0 = P„+i, 
if0 = G2. 


The reason P+ suffices is due to the constructions we will use in what follows. In particular, these 
weights suffice to define the marginally large tableaux model T(oo) of the crystal P(oo), and thus 
will be sufficient for us to define our crystal morphism from the rigged configuration model for P(oo) 
to P(oo). These weights also ensure that we will not have any “spin columns” in types P„ and 
Pn+l- 

Recall the fundamental crystals T(Ai) in Figure [3T] Next consider some A G P+; we wish to 
model an element in P(A). It is from these fundamental crystals that the more general crystals will 
be defined. For A G P+ defined by 


A = 


ciAi + • • • + c„_iA„_i + c„A„ 

ciAi + • • • + c„_iA„_i + c„(2A„) 

ciAi + • • • + c„_iA„_i + c„(A„ + A„+i) 

ciAi + C2A2 


if 0 Cn: 
if 0 = P„, 
if 0 = P„+i, 
if 0 = G 2 , 


let Yx be the Young diagram with Ci columns of height i. Define Tx to be the unique tableau of 
shape Yx such that all entries in the jth row of Tx are j. We may embed Tx into T(Ai)®l^l, where 
AI is the number of boxes in Yx, by reading the tableaux entries from top-to-bottom starting with 
the right-most column. Then faTx, for a G J, is defined using the tensor product rule and the 
corresponding fundamental crystal above. Now let T(A) be the set generated by fa (a G I) and Tx- 
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This is the set of classical tableaux of shape A. The description of type An, Bn,Cn, Dn tableaux is 
due to Kashiwara and Nakashima [KN94] and type G 2 tableaux is due to Kang and Misra [KM94) . 
The resulting set is a crystal of semistandard tableaux (with respect to J(X„)) satisfying certain 
filling conditions. The explicit description of these crystals may be found in [HK021IKM941IKN94) . 




Figure 3.2. The crystal graph T(Ai + 2 A 2 ) of type B 2 , created using Sage. 


3.2. Marginally large tableaux. Following [Cli98) . a semistandard tableau is called large if the 
difference of the number of boxes in the i-th row containing the element i and the total number of 
boxes in the {i + l)-th row is positive. Additionally, following |HL08] . a large (semistandard) tableau 
is called marginally large if the aforementioned difference exactly 1. Such tableaux are defined for 
simple Lie algebras g of type An, Bn, Cn, Dn+i, and G 2 in [HL08] . and of type Eq, Ej, Es, and E 4 
in |HL12] . The alphabets over which each tableaux from |HL08] are defined are given in Equation 

(ED). 

The set of marginally large tableaux may be generated through successive application of the 
Kashiwara lowering operators fa (« G /) to a specified highest weight vector. It is in this way that 
the set of marginally large tableaux work as a combinatorial model for B{co). In certain types, 
additional conditions are required to precisely define the model, so we give the list of conditions for 
each type-by-type. 
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Definition 3.1. For Xn = An, Bn,Cn, Dn+i,G 2 , define the set T{oo) as follows. (By convention, 
we assume n = 2 when Xn = G 2 .) 

(1) The highest weight vector is the unique tableau which consists oi n + 1 — i z-colored boxes 
in the ith row from the top (when written using the English convention). 

(2) Each element is marginally large, semistandard with respect to J(X„), and consists of exactly 
n rows. 

We also have the following additional type-specific requirements. 

• Xn = Bn (n ^ 2 ) 

(1) Elements in the ith row are < z. 

(2) A 0-box may occur at most once in a given row. 

• Xn = Cn{n^ 2) 

(1) Elements in the ith row are < z. 

• Xn = Dn +1 {jl ^ 3) 

(1) Elements in the zth row are < z. 

(2) Both n + 1 and n -I- 1 may not appear simultaneously in a single row. 

• Xn=G 2 

(1) Elements in the second row are < 3. 

(2) A 0-box may occur at most once in a given row. 

The crystal operators are defined in the same way as in T(A). Namely, read entries of a tableau 
T G T(oo) from top-to-bottom in columns starting with the right-most column to obtain an element 
of T(Ai)®^, where N is the number of boxes in T. Then apply the tensor product rule to obtain 
faT and CaT, as I. 

Theorem 3.2 f |HL08) l. Let Q be a finite simple Lie algebra of type Xn- Then T{co) = i?(oo) as 
Uq{g)-crystals. 

Example 3.3. Consider type A 3 . The top part of the crystal graph T(oo) is shown in Figure 15751 
down to depth 3. The notation used at the vertices is condensed so that all place holding z-boxes in 
the zth row are removed. If the resulting reduction yields a row with no boxes, then that row appears 
with one box containing *. The graph in the figure is modified output from Sage |SCc081 IS+15 . 

Following |HL12) . we call a column of any tableau T a basie column if it has height r and is filled 
with (1,..., r). From |HL08) . consider the set 

:= Its IJ r(A) : T is large 
I A6P+ 

We may partition into equivalence classes by saying T ~ T' if they differ only by basic columns. 
Note that faT ^ 0 for all T G T^. If faT is large, then for all S' G [T] such that faS is large, 
we have faS s [faT]. In other words, the crystal operators essentially preserve equivalence classes. 
Moreover, if faS f [faT], then faS differs from a unique element in [faT] only by adding a single 
basic column of height a. Additionally, every equivalence class has exactly one marginally large 
tableaux. The details of these statements can be found in |HL08) . 
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Figure 3.3. The top part of T(oo) for type A^. 

4. Rigged configurations 

4.1. Crystal structure. We first need to consider an affine type g whose classical subalgebra is 
g. However we do not do so in the usual fasion by taking the untwisted affine algebra, but instead 
consider those given by Table l4T] 




Bn 

Cn 

Dji+i 

G2 

0 

4(1) 

■^n 

£)(2) 

^n+1 

4(2) 

^2n-l 

£)(i) 

r)(3) 

-^4 


Table 4.1. The association of affine type g with a classical type g used here. 


Set H = I X Z>o. Consider a multiplicity array 

L = e Z^o : a e /) 

and a dominant integral weight A for g. We call a sequence of partitions u = : a G /} an 

(L, X)-configuration if 

^ ^ - A, (4.1) 

CL^I 

where is the number of parts of length i in the partition and {aa : a G /} are the simple 
roots for g. The set of all such (L, A)-configurations is denoted C{L, A). To an element v G C{L, A), 
define the vacancy numbers of u to be 

p\°'\v) = 2 Aabr[im{i,j)mfK 

(feu)eWo 


(4.2) 
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Recall that a partition is a multiset of integers (typically sorted in weakly decreasing order). More 
generally, a rigged partition is a multiset of pairs of integers (i,x) such that i > 0 (typically sorted 
under weakly decreasing lexicographic order). Each (i,x) is called a string, while i is called the 
length or size of the string and x is the rigging, label, or quantum number of the string. Finally, a 
rigged configuration is a pair (u, J) where u e C{L,X) and J = where each is a 

weakly decreasing sequence of riggings of strings of length i in . We call a rigged configuration 
valid if every label x e J^-satisfies the inequality ^ x for all (a, i) e ?t. We say a rigged 
configuration is highest weight if a; ^ 0 for all labels x. Define the colabel or coquantum number of 
a string (i, x) to be — x. For brevity, we will often denote the ath part of (v, J) by (v, J)(“^ (as 
opposed to (u(“\ j(“))). 

Definition 4.1. Let (v 0 , J 0 ) be the rigged configuration with empty partition and empty riggings 
and let L be the multiplicity array of all zeros. Define RC(oo) to be the graph generated by {v 0 , J 0 ), 
Co, and fa, for a e I, where Co and fa acts on elements (u, J) in RC(oo) as follows. Fix a e / and let 
X be the smallest label of (u, 

Ca- If a; ^ 0, then set ea{v,J) = 0. Otherwise, let ^ be the minimal length of all strings in 
iy, J)(“^ which have label x. The rigged configuration ea{v, J) is obtained by replacing the 
string {^,x) with the string (£ — l,a; + 1) and changing all other labels so that all colabels 
remain fixed. 

fa- If a; > 0, then add the string (1, —1) to (u, J)*^“b Otherwise, let £ be the maximal length of 
all strings in (u, J)(“) which have label x. Replace the string {£, x) by the string {£ + l,x—l) 
and change all other labels so that all colabels remain fixed. 

The remaining crystal structure on RC(oo) is given by 

£a{v, J) = max{A: G Z^o : 6 ^( 1 /, J) ^ 0}, (4.3a) 

ipa{v, J) = £a{v, J) + (ha, wt(u, J)>, (4.3b) 

wt(u, J) = - ^ 2 (4.3c) 

It is worth noting that, in this case, the definition of the vacancy numbers reduces to 

= Pt"'’ = - Xj Aabr[im{i,j)mfK (4.4) 

(b.DeWo 

Example 4.2. Rigged configurations will be shown as a sequence of partitions where the vacancy 
numbers will be written on the left and the corresponding rigging on the right. Let g be of type 
and (u, J) = f 5 Uf 5 f 2 fif 2 h{v 0 , J 0 ) be the rigged configuration 

{v,J)= -1 □-1 -2 I I 1 -1 0^1 0^-1 -3 1 I 1 -1 


Then wt(u, J) = —ai — 2a2 — — C 0 — 2a5, 


oDo 


e 2 { v , J ) = -1 □ -1 


on 1 0 □ -1 


-3 


-1 
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and 


/2(u,j) =-1 □-1 -4 | I I 1 -2 0^1 oQ-1 -3rn-i 

Theorem 4.3 ([SSTda]). The map defined by iv 0 ,J 0 ) Mooj where Uao is the highest weight 
element of B(co), is a Uq{Q)-crystal isomorphism RC(oo) = _B(ao). 

We can extend the crystal structure on rigged configurations to model B{X) as follows. Consider 
a multiplicity array L such that A = Xiae/ We first we modify the definition of the weight to 

be wt'(u, J) = wt(u, J) + A. Next, modify the crystal operators by saying /o(u, J) = 0 if J) = 0. 
Equivalently, we say fa{v,J) = 0 if the result under fa above is not a valid rigged configuration. 
Let RC(A) denote the closure of (u0, J 0 ) under these modified crystal operators. This arises from 
the natural projection of B(ao) —> B{X). 

Theorem 4.4 ( |SS15b) l. Let g be of finite type. Then RC(A) = B{X). 





□ -1 !□« "izn-i !□» °rn-= 


m -g ino -i i I I I -a -icn-i ‘0 



«m-‘ -■ ! I I 1 -1 -a rm -i "m“ -■ ! I I I -a 


■ m« -a I I I I I -a -2 run -a -i i~rn -i imi -a i 1 1 1 1 -3 dgdr’ ' 



Figure 4.1. The crystal graph RC(Ai + 2A2) of type B 2 , created using Sage. 
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4.2. Bijection with tableau model for highest weight crystals. Kirillov-Reshetikhin (KR) 
crystals are crystals R’’’® associated to certain finite-dimensional 0 ])-modules where r 

is a node in the Dynkin diagram and s is a positive integer. As C/^( 0 )-crystals, KR crystals have the 
direct sum decompositions 

R"-'* = R(sA,)©0R(A), 

A 

where the sum is over A e R+ satisfying certain conditions [ChaOll IFOS091 lHKO~*~0^ lHKO~*~9^ 
IHerOBl IHerlOi INak03| . We note that we only work with the classical crystal structure of R*'’®, and 
as such, we simply consider R’’’® to be a R 5 ( 0 )-crystal. 

In [OSS03a) . a bijection $ from classically highest weight elements in a tensor product of KR 
crystals of the form non-exceptional affine types was described. A similar bijection in 

type and was given in |OS12) and |Scrl5] . respectively. For simplicity, if R = (X)^^ R’'*4 
we write RC(R) = RC(A), where A = Ziae/CaA^ with Co equal to the number of factors R“’^ 
occurring in R. 


Remark 4.5. We define 




Rn,2 

0 = Bn and r = n, 

Rn.l g) ^n + 1,1 

0 = Dn+i and r = n. 

RDl 

otherwise. 


Because we will only use R’’’® for the remainder of this paper and to ease the burden of notation, 
we will simply write R'"’®. We also note that this allows us to not consider any special modifications 
to $ as in [SSlSbj . 


The bijection $ is given by applying the basic algorithm given in |OSS03a) 

5: RC(Ri’^®R*)—> RC(R*) 

as many times as necessary, where R* = (X)^]^R'’'d. The algorithm 5 is given by traversing the 
crystal graph T(Ai) (of type g) starting at [T| G T(Ai), where for each edge a we remove a box from 
a singular string from of strictly longer length than the previously selected string after removal. 
For 0 of type we choose the smaller singular string between and when we are at 


n — 1 G R(Ai). If we cannot find a singular string or there are no outgoing arrows when we are at 


0 G T(Ai), then we say 5 returns r and we make all changed strings singular. 

We also have the following modification for g of type Let denote the original length 

of the selected strings in (for a < r, we have = 1). We say a string {i,x) is quasi-singular 
X = — 1 and there does not exist a singular string of length i. For if the singular string 

has length 1, we immediately return 0 G R^’^. Otherwise we look for the smallest string of longer 
length than the previously which is either 

(S) singular, 

(Q) quasi-singular. 

If no such string exists, we return n — 1 (as usual). If we are in case (S), we remove 2 boxes from the 


singular string and proceed from n — 1 G T(Ai). If we are in case (Q), we remove a box from the 
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quasi-singular string and look for a larger singular string in If no such string exists, we return 
0. Otherwise we say we are in case (Q,S) and remove a box from the found singular string. We then 
G T(Ai). If we are at g T(Ai) and the length of the previously selected 


continue from 


n — 1 


string before removal equals we remove a second box from the string originally selected in 
After all boxes are removed, we make all of the changed strings singular unless we are in case (Q,S), 
in which case the (longer) selected singular string in is made quasi-singular. 


Example 4.6. Consider B = of type Therefore applying S each time, we have 


0 


o 

□ 

0 


1 


o 

0 


1 


0 




0 11 0 0 


1 


1 □ 0 0^0 0 0 

1 I ^ 0 

1 

0 □ 0 0^0 0 0 

0 I ^ 0 

3 

oGo 0 0 0 

2 

0 0 0 0 

1 

0 0 0 0 

(where the result from each application of 6 is to the right of the arrow) and resulting in 


We can now extend this bijection to 0^^ as given for types An'^ |KSS02) . |Sch05) . 

A^^_i [SSISbj . |OSS03b] . and [ScrlSj by considering the map 

It: ®B*) 

for r > 2 which adds a singular string of length 1 to all for a < r and then applying S. We can 
combine these two steps d' := d o It where we just begin S starting at □ G T(Ai) (i.e., the first box 
we try to remove is in Unless otherwise noted, we will be using S' in place of S. 
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Example 4.7. Consider ® B'^'^ i 


) Qf type 


Therefore applying 5 each time, we have 



0 

1 



0 

1 



oDo 


3 

0^0 1□1 0 

3 

0 □ 0 0^0 0 

2 

0^0 0 0 

1 


0 0 0 


and resulting in 



00. 


For 5 ^(b), in general we select the largest singular strings starting at 0| e T(Ai) and following 
arrows in reverse until we reach 0 G T(Ai). 


Remark 4.8. We note that for B{Ar) c B^’^, the classical tableaux representation is the same as 
the Kirillov-Reshetikhin tableaux representation of |Sch05[ IOSS131 ISSlSbl IScrlS) . 


We also have the following from |SS15b[ Prop. 6.4] by using the results of |DS06[ ISakl4[ IOSS03b[ 
ISS15b| . 

Theorem 4.9. Let B = be of type g. Then ^ is a Uq{Q)-crystal isomorphism, where g 

and g are related via Table EH 

Given dominant integral weight A = Xiae/ Aa £ P '^, define 

ael 

where the factors are ordered to be weakly decreasing with respect to a. 


Example 4.10. If A = 2 A 4 + 3Ai in type A 17 , then = (Bdi)®2 (g (Bbi)®3, 
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Next we can restrict $ to a (classical, or 17g(0)-)crystal isomorphism between RC(A) and T(A) as 
follows. We recall that there exists, by weight considerations, a unique copy 

/ N \ N 

V*=i / *=i 

generated by (x) • • • where e B{pi) is the unique highest weight element. Then there 

exists a unique embedding 

r(A) c (g) c (4.5) 

ael 

Because we have chosen the ordering of B®^ to be in decreasing order, the natural embedding of 
T(A) =—> T(Ai)®l'’'l agrees with the natural classical embedding of =—> T(Ai)®l'*'L Moreover 

the highest weight element T\ e T(A) is given by (a tensor product of) basic columns. So in 
RC(i?®^), considered as a { 7 g( 0 )-crystal, the unique connected component generated by (u 0 , J 0 ) is 
RC(A). Therefore d)(j/ 0 , J 0 ) = Tx, and hence we have the following. 

Proposition 4.11. The crystal isomorphism <i>: RC(i3®'^) —> 5 ®'' restricts to a crystal isomor¬ 
phism between RC(A) and T(A). 


5. The crystal isomorphism between RC(oo) and T(oo) 

Let 0 be of type A„, i3„, (7„, Dn+i, or G' 2 . By knowing to which B{X) a particular rigged 
configuration belongs (in fact, there are infinite such A), we can extend the bijection between rigged 
configurations and tensor products of KR crystals to i?(oo) by projecting down to B{X). We show 
that this implies the (induced) map given by lifting the isomorphism $: RC(A) —> T{X) from 
Proposition 14. Ill is an isomorphism between RC(oo) and T{co) (and thus the unique isomorphism 
between RC(go) and T(oo) since the automorphism group of B{co) is the trivial group). 

Consider 

RC^ = y RC(A), 

AeP+ 

and denote (u, J, A) e RC'^ as the element (u, J) e RC(A). Define an equivalence relation on RC'^ 
by asserting 

(u, J, A) ~ (u', J', A') V = u' and J = J'. (5.1) 

Note the vacancy numbers will vary over the equivalence class. Equivalently, we have defined a 
subset ,J) ^ such that (u, T) G RC(A) for all A G j)- AVe show that every equivalence 
class of large tableaux embeds into an equivalence class of RC'^ and that induces a bijection from 
RC^ / ~ to T(go) = T^/ ~. Subsequently, we show that this induced bijection is the desired crystal 
isomorphism. 

For a sequence of partitions u = (i/(“))ag/, define Xi, e P+ by 

A.:= 1] (|u(“)| + l)A, + Ay, 

ael 
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where 


and 



2(|u(")| + 1)A„ 

^ (inax(|i.(")|,|u(-+i)|) +l)(A„+A„+i) 
(|u(")| + l)A„ 


0 -^n; 

0 ~ -^n+1) 

otherwise, 


= {(z/, J, A) e RC'^ : A ^ A^}. 


Here, A ^ means X = {Xi : i e I) and fj, = {fii : i e I) with Xi sg Hi for all i e I. We can restrict 
the equivalence relation given in equation m to RC^'^ (so that classes in RC^'^ are subclasses 
of those in RC^). Call a rigged configuration extra valid if it belongs to RC^^, and call a rigged 
configuration marginally extra valid if (u, J) G RC(Ai,). We note that for each equivalence class 
in RC^^, there is a unique marginally extra valid rigged configuration because it has the smallest 
possible vacancy numbers. 


Lemma 5.1. If (u, J) G RC(oo), then (u, J) G RC(Ay). 


Proof. This clearly holds for (u0, J 0 ) G RC(0). We will now proceed by induction by applying fa 
for some a e I. Suppose (u, J) g RC(Ai,), we will show that (u', J') = fa{i^, J) is in RC(Aj/'). We 
note that the only possibile failure will occur if x' > for the string {i,x) acted on by fa 

since all other colabels remain fixed. We have 



since X,^> — X^ = A^. But because x' — x = —1, we must have x' ^ Therefore (u', J') G 

RC(Ay/). Since there is some path to (u 0 , J 0 ), the proof follows by induction. ■ 


Lemma 5.2. Let T G ■ Then ^(T) G RC^. Moreover, if t e [T], then $ ^(t) e [$ ^(T)]. 


Proof. Fix a large tableau T. By the definition of $ and RC'^, we have $ ^(T) G RC'^. Next we 
note a column in T of height r has the form 



(5.2) 


where 1 ^ r ^ n. We are going to add a column of the form above in Suppose B = 
and {y,J) g RC(i?““^’^ ® B) for a < r. Applying to the column in (15.21) will change (u, J), 
and the order by which (u, J) is affected is determined by reading the column from top to bottom. 
Indeed, applying corresponding to the a-box of the column will add 1 to the vacancy numbers 
of and subtract 1 from the vacancy numbers of if a > 1. Now suppose we are performing 

corresponding to the cc-box at the bottom of the column. Then this application of can only 
add boxes to for a > r, and can at most decrease the vacancy numbers in by 1. In 
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particular, if a; = r, then the net result of adding this column is that the vacancy numbers of 
increased by 1 and the vacancy numbers of for a < r are left unchanged. 

In applying to T, we are moving from right to left in T, so we are applying to columns 

weakly increasing in height. Moreover, t differs from T by the, without loss of generality, addition of 
columns with x = r. Therefore from the above, we must have ~ <I>~^(T) for any t G [T]. ■ 

Lemma 5.3. Let (u, J) G Then $(i/, J) G ■ Moreover if iy', J') G [(u, J)], then J') G 

[$(u,J)]. 

Proof. Fix some extra valid rigged configuration {v,J). Suppose $(u, J) f T^. Therefore during 
the procedure of $ in a column of height r at height a < r, we return x ^ a, so we remove at least 
one box from . Therefore we must remove at least 

1 + {cia, Ajy) = 1 + 1 + I 

boxes from since we must return at least x by the semistandard condition. This is a contra¬ 
diction, and so we must return a. Similarly for the left-most column of height r, we must return r. 
Hence $(u, J) G T^. 

Next we show $(u', J') G [$(u, J)]. Consider (u', J') G RC(Ai/') such that A^' — \u = ^-r for some 
1 ^ r ^ n. We will show that <I>(u', J') differs from <I>(u, J) by a basic column of height r. We note 
that 

(5.3) 

and therefore all columns of height at least r -I- 1 are equal under $. That is S returns the same 
elements on both (u', J') and (u, J). Furthermore, once we’ve removed all such columns (there are 
the same number of columns in each), the results are equivalent such that the difference of the 
weights is still A,.. Hence Equation (15.31) still holds. 

Now we have one additional column of height r in From Equation (j5.3p . we must have all 
strings of being non-singular. Therefore 5 returns r, and we increase all vacancy numbers of 
u'('’“i). Thus all strings of are non-singular and iterating this, we see that we return a basic 

column of height r. 

At this point, the resulting rigged configurations are equal (not just equivalent as they have the 
same weight), and hence the remaining result from $ are equal. Since there exists a unique element 
of minimal weight in [(u, J)], the claim follows by induction. ■ 

The following lemma is analogous to [HL081 Lemma 3.2], which shows that the crystal operators 
are well-defined on equivalence classes. 

Lemma 5.4. Fix a s I. 

(1) If (u, J) G RC^^, then /a(u, J) 0. 

(2) Given any element o/RC(co), we can always find a representative (u, J) G RC'®'^ such that 
fa{n,J) is a valid rigged configuration. 

(3) If (u, J) and are in the same equivalence class in RC'^ / then [/o(u, J)] = 

[/a(u',J')]. 

(4) If (u, J) is valid, then ea(y, J) is either valid or zero. 
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(5) If {v, J) and are in the same equivalence class in RC^ / then either \ea{v,J)\ = 


[ea{v' , J')] or both ea{v, J) = ea{y', J') = 0 . 

Proof. These statements can be seen directly from the definitions. ■ 

Thus we can define 

ea[{i^,J)] = [ea{i^,J)] (5.4a) 

= (5.4b) 

wt[{i^, J)] = ^ |Aa, (5.4c) 

ael 

J)] = max{e^(z/, J) ^ 0 : k e Z>o}, (5.4d) 

Palil', ^)] = ^)] + <wt[(l^, J)], /la> , (5.4e) 


for any [{n, J)] G RC^ / ~ with appropriate representative {v, J). Therefore a straightforward check 
shows the following. 

Proposition 5.5. Equation (15.411 defines an abstract Uq{Q)-crystal structure on RC^ / ~. 

Define a map T: RC(oo) —> T(co) using the sequence of maps 

RC(oo) ^ RC(A,) ^ TiK) ^ r(oo), 

{v,J) 1 -^ iPiJ) ^ 

Conversely, for T G T(oo), let \t e P+ partition shape of T. There is a natural crystal embedding 
of a tableau T into a tensor product of its columns in . Denote the image of T in by 

T®^T_ define a map T(oo) —> RC(oo) by the sequence of maps 

r(oo) ^ nXr) ^ ^ RC(At) —^ RC(oo), 

Theorem 5.6. We have S o vp = idRC(oo) o,nd 'k o S = id 7 -(oo). 

Proof. Given a marginally large tableaux T of shape Xt, begin by projecting down to B(Xt). This 
preserves the tableaux T and consider the natural embedding T' in B^'X given by Equation (j4.5p . 
Next take 4’(T'), recall from Theorem 14.91 that 4> is a bijection, and lift the resulting rigged config¬ 
uration to RC(oo). Last, we note that this procedure is well-defined over the equivalence class of 
large tableaux by Lemma 15.21 and Lemma 15.31 so this gives us the desired bijection. ■ 


Corollary 5.7. The bijection is a crystal isomorphism. 

Proof. This follows from the fact that $ is a (classical) crystal isomorphism. Indeed, the map is 
well-defined as a crystal morphism by Lemma [5.41 Let {n, J) G RC(co) and a e I. Next, denote the 
Ca operator in the crystal X by e^. Then 

J) = J) = J) = (:., J) = 

Since {v, J) is nonzero in RC(Ai,) by definition of X^, we have (i^, J) = .J). Thus 

commutes with Ca. Showing that 'k commutes with fa is similar. ■ 
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Remark 5.8. Consider some T G B(co), we can explicitly describe the image of T when projecting 
under p\ to B{\) for all A G From this, we define an equivalence class [T] = {p\{T) : px 
0, A G P+}. We can check that [T] corresponds to the class of all valid rigged configurations under 


Example 5.9. Let g be of type A/^ and 


T = 


1 

1 

1 

1 

1 

1 

1 

1 1 3 1 3 1 

2 

2 

2 

2 

2 

2 

5 


3 

3 

4 

5 

5 





We first project onto B{X) c with A = A 4 + 4 A 3 + 2 A 2 + 3Ai (which results in the same 
tableaux). Next we apply $: R®-*' —> RC(R®^), and have the following: 


0 

□ 

0 

-1 

E 

-1 

0 

0 

0 0 

-2 1 

1 

0 

0 

1 0 

-2 1 

1 

0 

0 

2 0 

-2 


_ 1 -2 

lEi 

-!□ 


-1 


-1 



2 0 

-1 


1 

lEi 



3 3 


13 3 


13 3 


-1 


1 

1 

1 1 3 1 3 

2 

5 



-2 


-1 


-2 


-2 


-3 


-2 


1 

1 

1 

1 1 3 1 3 

2 

2 

5 



-3 


1 

1 

1 

1 

1 1 3 1 3 1 

2 

2 

2 

5 


5 

5 






1 

1 

1 

1 

1 

1 1 3 1 3 

2 1 1 1 0 0 


-2 1 1 1 1 1 1 1 -3 1 1 1 1 -3 

9 

9 

9 

9 

5 


0 


-1 

4 

5 

5 





1 

1 

1 

1 

1 

1 

1 

1 1 3 1 3 

2 0 0 


1 -2 2 1 1 1 1 ~2 1 1 ~3 

2 

2 

2 

2 

2 

2 

5 


0 


-1 

3 

3 

4 

5 

5 




By mapping back the rigged configuration into RC(oo), we obtain 

S(r) = -1 m < 


-2 

-2 


1 -3 


-3 


In Sage, we can reproduce the example using 


sage: B = crystals.infinity.Tableaux("A4") 
sage: t = B(rows=[[l,l,l,l,l,l,l,l,3,3],\ 
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Example 5.10. Let g be of type ^3 and 


Then 


(u, J) = 2 



0 


1 

1 

1 

1 

1 

1 

12 3 

2 

2 

2 

3 

4 

4 


3 

4 







-1 


6. Statistics 

Consider a marginally large tableau T e T(oo). A k-segment of T is a maximal sequence of 
A:-boxes in T. Let seg'(T) be the total number of segments of T that are not i-sequences in the i-th 
row. In other words, this is the total number of segments of T minus the hieght of T. 

Definition 6.1 f |LS12[ ILS14] '). The segment statistic seg on marginally large tableaux is defined 
type-by-type as follows. 

An- Define seg(T) := seg'(T). 

Bn'. Let esiT) be the number of rows i the contain both a 0-segment and z segment. Define 
seg(T) := seg'(r) - eB{T). 

Cn'- Define seg(T) := seg'(T). 

Dn+i- Let eniT) be the number of rows i that contain an z-segment but neither a, {n + l)-segment 
nor n -t 1-segment. Define seg(T) = seg'(T) -I- eoiT). 

G 2 : Let ec{T) be 1 if T contains a 0-segment and 1-segment in the first row and 0 otherwise. 
Define seg(T) = seg'(T) — eciT). 

Define (5(r) by <5 on RC(A) and then embedding into RC(A—A^.) where r = max{a G I : (ha. A) A 0}. 
Equivalently = S’" but returning only the b from the first application of S. 

Definition 6.2. The repeat statistic rpt on rigged configurations is given recursively as follows. 
Consider (u, J) e RC(A,y). Start with r = n and s = 0. Let x‘(. denote the smallest colabel of and 
project (u, J) into RC(A(r)), where A(r) = A — x^A^.. Let Cr = (hr, and let = ( 61 ,..., bcr) 
be the values returned by (5^^^ (in RC(A')). Increase s by the number of distinct elements ocurring 
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in b (note any particular value in b occurs sequentially). We also do the following modifications 
depending on the type: 

Bn- If 0, r e &, subtract 1 from s. 

Dn+i: If r G 5 and n + l,n + 1 ^ b, then add 1 to s. 

G 2 ' If 0,1 G b, subtract 1 from s 

Now recurse with r — 1 unless r = 1, and rpt is the final value of s. 

From our definition of rpt, for a fixed r we have (ha. A) = 0 for all a > r. So the values are 
equal on RC(oo) and RC(A) for all a > r and z G Z. So the map <5(r) just starts each time at 
and is well defined since all strings in for a < r are non-singular after applying <5. Furthermore 
by Lemma (5.31 the statistic rpt is well defined. Thus we have the following. 

Proposition 6.3. Let (u, J) G RC(oo). Then 


rpt(u, J) = seg(«'(u, J)). 

From the definition of rpt, it is clear that it is a direct translation of seg through the bijection ih. 
It would be good if there was a non-recursive translation of seg on rigged configurations. 

Example 6.4. Consider the rigged configuration (u, J) obtained from Example 15.91 


(u, J) = 2 


0 0 
0 


1 -2 I 


-3 


Thus we begin with J) G RC(Ai^) with = 4 A 4 + 5 A 3 + 4 A 2 + 3Ai, so we have 

1 I -3 . 


1 0 I 


We thus project onto RC(4A3 + 3 A 2 + 2Ai), and since A( 4 )) = 0, there is nothing more to do. 
Next, after projecting onto RC(3A3 + 3 A 2 + 2Ai) and then applying we obtain 


I 0 0 

1 


-2 


-iQ-i 


with 5(3) = (4, 5, 5). Projecting onto RC(A 2 + 2Ai), we then obtain after applying 5(2), we obtain 


0 -2 


0 


0 


with 5(2) = (5). Finally, we apply 5^ and obtain 5(3) = (3,3). Therefore, we have rpt(u, J) = 
2 4-1 + 1 = 4. It is also easy to check that seg(T) = 4. 

There is another statistic on rigged configurations which has a natural crystal interpretation. The 
difference statistic diffa is defined by 

diffa(u, J) := min{p-“^ — max j|“^} 

i 

for some (u, J) G RC(A). The difference statistic is measuring how far (u, J) from being marginally 
valid in and so it can be interpreted as the largest Ca such that (u, J) G RC(A — CoAa) (under 
the natural projection). We can also combine this into a single statistic difF(u, J) = Yiaei diffa(u, J). 

On highest weight crystals, the remove statistic rem^ is the largest Ca such that 5 G B{X) is non¬ 
zero under the natural projection to B{X — Ca^a)- Moreover, we can also combine this into a single 
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statistic rem(i/, J) = Xiae/Given these interpretations, the following is an immediate 
consequence. 

Proposition 6.5. Let ilt: RC(A) —> B{X) be an isomorphism. Then 

diffa(j/, J) = rema(^'(u, J)). 

Furthermore, the difference statistic can be extended to RC(oo), where it is measuring how far 
the rigged configuration is from being valid in Thus we see that the weight Xae/ J)^a 

denotes the (unique) minimal weight that we need to project (u, J) e RC(oo) onto in order to 
guarantee the result is non-zero. We can also extend rema to R(go) by considering the smallest 
weight A such that b G B{co) is non-zero under the projection onto B{X), and then rema(6) = (A, ha}. 
We also have following the analog of Proposition [6fol 

Proposition 6.6. Let ilt: RC(go) —> B{co) be the eanonical isomorphism. Then 

diffa(u, J) = rema(^'(u, J)). 

We can also interpret rem^ on (marginally large) tableaux, with no columns of height n in types 
Bn or D„+i, as being the number of basic columns of height a (possibly not full height) that can 
be removed from a tableaux T G T(A) and sliding the entries of those rows left such that the result 
is a classical tableaux. Columns of height n in type are counted twice, and in type Dn they 
contribute to both rem^ and rem^+i. Additionally, we can extend this interpretation to T e 7”(oo). 
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